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Evanescent energy in square and circular fibers
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A finite element method is presented to find the propagation characteristics of an optical
fiber with arbitrary cross section. This method uses a non-local boundary operator to reduce
the infinite problem (open waveguide) to a bounded one. Evanescent energy in circular and
square fibers of the same core area are computed and compared to show that square fibers can
be effectively used in single molecule detection.
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1. Introduction

There has been a wide application of optical fibers in communication, medical
equipment, remote measurement, and recently chemical and biochemical sensing. Tak-
ing the advantages of the evanescent field produced on the core surface of optical fibers,
fiber optical evanescent wave sensors have the ability to give rapid and sensitive de-
tection in real time. They are becoming important analytical tools and are attracting
increasing interests [1]. Recently, we have found that the evanescent field generated by
both circular silicon fiber and plastic square fiber can be used for the ultra-sensitive de-
tection and imaging of single molecules [2]. We also noticed that the square fibers have
some advantages over the circular fibers as they can provide a flat sensing area, which is
very convenient for microscopic imaging [2]. Circular fibers are commonly used fibers
and their evanescent fields have been well characterized [1,3]. Even though there are
some studies on the propagation modes of a rectangular waveguide [4–7], the distribu-
tion of the evanescent field on a square fiber is unknown. A better understanding of the
evanescent field should be very useful for the exploring of square fiber for sensing and
other applications. Hence, the main effort of the paper is to gain more information on
the evanescent field produced on a square fiber through numerical simulations.

In this paper, a variational method is developed to find the propagation characteris-
tics (or propagation constants), hence, the evanescent energy, of an arbitrary optical fiber.
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This method helps to reduce the computational effort to a bounded domain by coupling
the solutions in the infinite homogeneous region to those in an inhomogeneous bounded
region that contains the fiber core. Here, a fiber means that the cladding (i.e., the plastic
cover) is removed and the core is exposed to directly interact with the surroundings.

The paper is arranged as follows. In section 2, we discuss the scalar wave equa-
tion (Helmholtz equation) for the electric field and the construction of the Dirichlet-to-
Neumann boundary mapping. This mapping enables one to reduce the problem defined
in an infinite domain to a problem in a bounded domain. In section 3, the variational
formulation of the problem is given together with some of the theoretical results in error
estimates which are proved in [8]. In section 4, a formula for computing the evanescent
energy is presented. This formula is used in the last section (section 5) to study the
evanescent energy outside of fibers. At the end of this section, a laboratory experiment
of a square fiber used in detecting and imaging single molecules is included for com-
pleteness. For further details on the experiments, the reader is referred to the paper [2].

2. Problem setting

We consider an optical fiber with arbitrary cross section surrounded by a homo-
geneous medium. Let � ⊂ R2 denote the fiber core. The fiber is characterized by the
refractive-index profile, n = n(x, y), which is assumed to be uniform in the fiber axis
(or z-axis) and can be expressed as

n(x, y) =
{
f (x, y) in �,
ncl in R2 \�,

where f (x, y) is bounded and ncl > 0 is the cladding index (a constant). For wave
guidance taking place in the fiber, it is assumed that ncl < maxf (x, y) [3]. The scalar
Helmholtz equation for the time-harmonic electric field is


�E + (k2n2 − β2

)
E = 0 in R2,

lim
r→∞
√
r

[
∂E

∂n
+ ikE

]
= 0 (radiation condition),

(2.1)

where k = 2π/λ is the wave number, λ is the free space wavelength, and β is the propa-
gation constant. This is an eigenvalue problem defined in the infinite domain R2 with β

and E as eigenvalues and eigenfunctions, respectively. It is known that the propagation
constant β of a propagating mode satisfies the condition [9]

kncl < β � k max f (x, y) ≡ knco.

We assume that E and its normal derivative ∂E/∂n are continuous across the interfaces
of different media. The infinite nature of the problem (2.1) poses a difficulty in finding
β and E numerically for arbitrary core region �.

We now derive a variational formulation of the problem (2.1), which enables us
to reduce the computational effort to a bounded domain. For this purpose, an artificial
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Figure 1. Computational domain BR and artificial boundary �R .

boundary is introduced so that the core of a fiber is completely contained in the bounded
interior of the boundary. Here, we choose the circle �R of radius R > 0. The exterior
region r > R is homogeneous, thus, analytical solutions are available. The region inside
the circle, denoted by BR, contains the core and a portion of the homogeneous medium
(see figure 1). Thus, (2.1) can be rewritten as a transmission problem (P )

(P )




Find kncl < β < knco and E ∈ H 1
(
R

2
)

such that
�Ei + (k2n2(x, y) − β2

)
Ei = 0 in BR,

�Ee + (k2n2
cl − β2

)
Ee = 0 in Bc

R := R2 \ BR,

Ei = Ee on �R,
∂Ei

∂n
= ∂E

e

∂n
on �R,

lim
r→∞
√
r

[
∂Ee

∂n
+ i kEe

]
= 0,

where Ei := E|BR
and Ee = E|Bc

R
are the restrictions of E and are called interior field

and exterior field, respectively. In polar coordinates, the Helmholtz equation in Bc
R is

transformed to

(P e)




∂2Ee

∂r2
+ 1

r

∂Ee

∂r
+ 1

r2

∂2Ee

∂θ2
− (β2 − k2n2

cl

)
Ee = 0,

r > R, θ ∈ [0, 2π ],
Ee(R, θ) = Ei(R, θ),

lim
r→∞
√
r

[
∂Ee(r, θ)

∂r
+ i kEe(r, θ)

]
= 0.

(2.2)

An exterior solution Ee can be expressed as a Fourier series

Ee(r, θ) =
∞∑
m=0

Am�m(r)
cos(mθ) (even mode),
sin(mθ) (odd mode),
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where Am is a constant (to be determined) and �m(r) satisfies the modified Bessel equa-
tions [10]

d2�m

dr2
+ 1

r

d�m(r)

dr
−
[
β2 − k2n2

cl +
m2

r2

]
�m(r) = 0, m = 0, 1, 2, . . . ,

lim
r→∞
√
r

[
d�m

dr
+ i k�m

]
= 0,

where m is called the azimuthal mode number. Due to the radiation condition, the ap-
propriate solutions of the modified Bessel equations are in terms of modified Bessel
functions of the second kind

�m(r) = Km(αr), m = 0, 1, 2, . . . ,

where α :=
√
β2 − k2n2

cl > 0. Since Ee = Ei on �R, the coefficients Am can be
determined as

Am = Ei(m)

Km(αR)
,

where Ei(m) is the mth Fourier cosine (sine) coefficient of the interior solution Ei. Fur-
thermore, the Neumann boundary condition ∂Ee/∂n = ∂Ei/∂n on �R yields the relation

∂Ei

∂n
= ∂E

i

∂r

∣∣∣∣
r=R
=
∑

α
Ei(m)

Km(αR)
K ′m(αR)

cos(mθ) (even mode),
sin(mθ) (odd mode).

One can easily see that the problem (P ) is equivalent to [8]

(P i)



�Ei + (k2n2(x, y) − β2

)
Ei = 0 in BR,

∂Ei

∂n
= TR

(
β;Ei|�

)
on �R,

where TR is called the Dirichlet-to-Neumann mapping and is defined by

TR(β; g) :=
∞∑
m=0

T m
R (β; g) :=

∞∑
m=0

α
K ′m(αR)
Km(αR)

g(m)
cos(mθ),

sin(mθ),

with g(m) is the mth Fourier cosine (sine) coefficients of a function g. The parameter β
is included in the notation of TR to emphasize the dependence of TR on β through α.
Thus, the infinite problem (P ) is reduced to the bounded (interior) problem (P i).

3. Variational formulation

In this section, we formulate the interior problem in a variational form. It is shown
in [8] that the correct variational formulation of (P i) is

(VPi)

{
Find (β, u) ∈ (kncl, knco)×H 1(BR) such that
a(u, v)−m(β;u, v) = λ(β)b(u, v) ∀v ∈ H 1(BR),
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where

a(u, v) :=
∫
BR

{∇u · ∇v + k2
(
n2
∞ − n2(x, y)

)
uv
}

dx dy,

m(β: u, v) :=
∮
�R

TR(β;u)v dS,

b(β;u, v) :=
∫
BR

uv dx dy,

λ(β) := k2n2
∞ − β2,

and n∞ > max n(x, y) is an arbitrary constant and H 1(BR) is the usual Sobolev space.
It is proved in [8] that the eigenvalues of the variational eigenvalue problem (VPi) are
isolated, which is important in the numerical viewpoint. We discretize (VPi) by using
a family of triangular meshes {Th} where h is the longest side of all triangles in the
triangulation Th of BR and by the linear polynomials in S1

h where

S1
h :=

{
vh ∈ H 1(BR): vh|e is a linear polynomial, e ∈ Th

}
.

Then the discrete analogue of (VPi) is

(VhP
i)

{
Find (βh, uh) ∈ (kncl, knco)× S1

h such that
a(uh, vh)−m(βh;uh, vh) = λh(βh)b(uh, vh) ∀vh ∈ S1

h.

We can rewrite the discrete problem (VhP
i) in the form of a non-linear eigenvalue matrix

problem [
A−M(β)

]
U = λ(β)BU, (3.1)

where A, M(β) and B are the matrices corresponding to the bilinear forms a(u, v),
m(β;u, v) and b(u, v), respectively, and λ(β) = k2n2∞ − β2. Thus, we can view the
eigenvalue (3.1) as a fixed-point problem

λ(β)− (k2n2
∞ − β2) = 0, kncl < β < knco,

which can be solved by applying the secant method. During the secant algorithm, one
needs to solve the generalized linear eigenvalue problem{

Given β0, find (λ,U) such that[
A−M(β0)

]
U = λBU.

(3.2)

This linear eigenvalue problem can be solved by any of the standard methods. In [8],
optimal error estimates are established, that is, if (β, u) and (βh, uh) are eigensolutions
of (VPi) and (VhP

i), respectively, then

‖u− uh‖H 1(BR) � C1h,

‖u− uh‖L2(BR) � C2h
2,
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and

|β − βh| � C3h
2,

where Ci (i = 1, 2, 3) are positive constants independent of h.
Before ending this section, we briefly derive the exact eigenvalue equations for the

step-index circular fiber with core radius a. The propagating fields in this type of optical
fiber can be expressed analytically as

E(r, θ, z) =
∞∑
m=0

Fm(r)�(θ)e−iβmz,

where each Fm(r) is a solution of the Bessel’s equation [10]{
d2

dr2
+ 1

r

d

dr
+
(
k2n2(r)− m2

r2

)}
Fm(r) = 0, r ∈ (0,∞),

with

n(r) =
{
ncore, 0 < r � a,
ncl, r > a,

and �(θ) is a solution of(
d2

dθ2
+m2

)
�(θ) = 0, θ ∈ [0, 2π),

where m (m = 0, 1, . . .) is the azimuthal mode number. Since propagating fields are
finite in the core and decay exponentially outside the core, we get

Fm(r) =



AmJm

(
Umr

a

)
for r ∈ [0, a],

BmKm

(
Wmr

a

)
for r ∈ (a,∞),

where Jm and Km are Bessel functions and modified Bessel functions, respectively, and
Am, Bm are constants, and

Um = a

√
k2ncore − β2

m, Wm = a

√
β2
m − k2ncl.

We normalize Fm at the core–cladding interface as

F̃m(r) =



Jm(Umr/a)

Jm(Um)
, 0 � r � a,

Km(Wmr/a)

Km(Wm)
, r > a.
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By the continuity condition at the core–cladding interface, we obtain the following
eigenvalue equations for the step-index circular fiber:

Um

J ′m(Um)

Jm(Um)
= Wm

K ′m(Wm)

Km(Wm)
, m = 0, 1, 2, . . . , (3.3)

which can be solved numerically by Newton’s method. It is conventional to denote the
solutions to (3.3) as βm,l where l = 1, 2, . . . .

4. Evanescent energy

We define the evanescent energy of the propagating field as the difference of the
total energy and the core energy

Ee := Etotal − Ecore,

where

Ecore :=
∫
�

(|E|2 + |∇E|2) dx dy,

Etotal :=
∫
R2

(|E|2 + |∇E|2) dx dy.

The total energy can be computed by evaluating the integrals in

Etotal =
∫
BR

|E|2 dx dy +
∫
Bc
R

|E|2 dx dy +
∫
R2
|∇E|2 dx dy. (4.1)

The first integral on the right-hand side of (4.1) can be easily found from the finite
element solution. For the second integral we use the exterior solution Ee

Ee(r, θ) =
∞∑
m=0

Ei(m) Km(αr)

Km(αR)

cos(mθ),
sin(mθ),

r > R,

where Ei(m) is the mth cosine (sine) coefficient of the interior field Ei. Using the follow-
ing identity [10]:∫

K2
m(az)z dz = z2

2

[
K2

m(az)−Km+1(az)Km−1(az)
]
,

we get ∫
Bc
R

∣∣Ee
∣∣2 dx dy =

∫ 2π

0

∫ ∞
R

∣∣Ee(r, θ)
∣∣2r dr dθ

= πR2
∞∑
m=0

Ei(m)

K2
m(αR)

[
Km+1(αR)Km−1(αR)−K2

m(αR)
]
.
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Finally, since E = Ei + Ee is the a solution of the Helmholtz equation in R2, the last
integral on the right-hand side of (4.1) can be computed by∫

R2
|∇E|2 dx dy =

∫
R2

(
k2n2 − β2

)|E|2 dx dy

=
∫
BR

(
k2n2 − β2)∣∣Ei

∣∣2 dx dy + (k2n2
cl − β2) ∫

Bc
R

∣∣Ee
∣∣2 dx dy.

5. Computational results

This section is devoted to the computation of the eigenvalues and eigenvectors
of (P i) using the finite element method discussed in section 3. The dimension of the
circular fiber and the square fiber is specified by its radius and half of its diameter (i.e.,
half of its diagonal), respectively. In each case, the artificial boundary is chosen to be the
concentric circle of radius twice the fiber dimension. For example, if the radius of the
circular fiber is a then the artificial boundary is the concentric circle of radius 2a, and
similarly, if the diameter of the square fiber is d then the artificial boundary circle is of
radius d. For convenience, we always scale the problems so that the artificial boundary
is of radius 2 (dimensionless). More precisely, the problem (P i) is transformed to


�Ei + (a2k2n2 − β2

)
Ei = 0 in B2,

∂Ei

∂n
= T2

(
β;Ei|�2

)
on �2,

where

T2(β; g) :=
∞∑
m=0

T m
2 (β; g) :=

∞∑
m=0

α
K ′m(2α)
Km(2α)

g(m)
cos(mθ),
sin(mθ),

and

α =


√
β2 − a2k2n2

cl for the circular fiber,√
β2 − (d/2)2k2n2

cl for the square fiber.

Thus, we do simulations for “scaled” fibers of radius 1 and of diameter 2.
We first demonstrate the accuracy of the finite element method. Consider the circu-

lar fiber of radius 1 whose core index is nco = 1.49 and the cladding index is ncl = 1.33.
The operating wavelength is λ = 0.514. In table 1, some of the largest eigenvalues are
computed by the finite element method (FEM) and compared to those found by the ex-
act eigenvalue equations (3.3). We see that the FEM eigenvalues are very accurate for a
medium size mesh. In appendix, the intensity plots of the eigenfunctions (propagating
modes) are given.

Next, we consider the plastic square fiber with the same core area as the circular
fiber, i.e., the core index is nco = 1.49 and the diameter is 2

√
π/2. The percentage of

evanescent energy Ee existing outside the core of each fiber for first four propagating
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Table 1
Accuracy of the variational method. Circular fiber of radius a = 1, wavelength λ = 0.514, core index

nco = 1.49, cladding index ncl = 1.33.

FEM eigenvalues FEM eigenvalues FEM eigenvalues Exact eigenvalues (βm,l)
(vertices = 169) (vertices = 625) (vertices = 2401)

18.0782 18.0853 18.0871 18.0876 (m = 0, l = 1 – mode 1)
17.8513 17.8827 17.8903 17.8928 (m = 1, l = 1 – mode 2)
17.5365 17.6112 17.6295 17.6356 (m = 2, l = 1 – mode 3)
17.4951 17.5136 17.5388 17.5472 (m = 0, l = 2 – mode 4)
17.0562 17.2543 17.3024 17.3182 (m = 3, l = 1 – mode 5)
16.8505 17.0644 17.1195 17.1378 (m = 1, l = 2 – mode 6)
16.5117 16.5337 16.5599 16.5979 (m = 0, l = 3 – mode 7)

Figure 2. Ee (%) versus λ. (—): square fiber of diameter d = 2
√
π/2. (· · ·): circular fiber of radius a = 1.

Core index nco = 1.49. Cladding index ncl = 1.33.

modes is computed as a function of wavelength (0.3 � λ � 0.8) and cladding index
(1.33 � ncl � 1.42). This is sufficient since these modes are known to have highest
energy [11]. We observe that the square fiber yields slightly more evanescent energy
than the corresponding circular fiber for each considered propagating mode (see figures 2
and 3). It is worth noting that in practice, the dimension of fibers and wavelengths always
appear in ratio: dimension/wavelength. Thus, the behavior of evanescent energy as the
fiber dimension varies is equivalent to that as the wavelength varies. In appendix, the
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Figure 3. Ee (%) versus ncl. (—): square fiber of diameter d = 2
√
π/2. (· · ·): circular fiber of radius a = 1.

Core index nco = 1.49. Cladding index ncl = 1.33.

intensity plots of the propagating modes in the square fiber are given for λ = 0.514 and
ncl = 1.33.

Finally, we present an example of using polymethylmethacrylate (PMMA) plastic
square fiber (core index nco = 1.49) to detect and image single molecules. The fiber
with 1 mm = 1000 µm width core was cut to about 30 cm long. At one end of the fiber,
the cladding was mechanically peeled off to expose a 4 cm long core area. This end was
inserted into a channel which was placed on the stage of a microscope and filled with a
fluorescent dye sample solution. A laser beam was directed to the other end of the fiber.
Evanescent field was generated on the core surface of the fiber and was used to excite the
flurophores in the solution. Fluorescent signals thus produced by the molecules close the
fiber surface were collected by a microscope objective and then directed to an intensified
charge coupled device (ICCD) to get the images as shown in figure 4. Considering the
depth of the evanescent field (≈ 200 nm) and the size of each pixel (0.23 × 0.23µm2)
in the ICCD, one pixel of the ICCD only detects a volume which is small enough to
isolate individual molecules with fluorophore concentration used in the experiment [2].
The image obtained for water (see figure 4(A)) was used to determine the threshold
for single R6G images. Therefore, each bright spot in figure 4(B) corresponds to the
fluorescent signal from a single R6G molecule.
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Figure 4. Fluorescent image (50× 50 pixel subframe image) obtained from single R6G molecules in water
by 1 mm core square fiber probe. A: purified water. B: 1.7×10−8 M. R6G molecules are excited at 514 nm

and their fluorescent signals were collected through a 550 nm band pass filter.
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Appendix

For each propagating mode E, we define its normalized total intensity I and nor-
malized exterior intensity Ie as

I = |E|2
max |E|2 , Ie = |Ee|2

max |E|2 .

The following are the intensity plots of propagating modes in the circular and square
fibers:

• Circular fiber: a = 1, nco = 1.49, ncl = 1.33, and λ = 0.514. See figures 5–9.

• Square fiber: diameter d = 2
√
π/2, nco = 1.49, ncl = 1.33, λ = 0.514. See figures

10–14.
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Figure 5. Mode 1 (fundamental mode). A: normalized total intensity I . B: cladding intensity Ie.

Figure 6. Mode 2. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/2-rotation.

Figure 7. Mode 3. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/4-rotation.
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Figure 8. Mode 4.

Figure 9. Mode 5. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/4-rotation.

Figure 10. Mode 1 (fundamental mode). A: normalized total intensity I . B: cladding intensity Ie.
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Figure 11. Mode 2. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/2-rotation.

Figure 12. Mode 3. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/2-rotation.

Figure 13. Mode 4. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/2-rotation.
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Figure 14. Mode 5. The eigenvalue for this mode has multiplicity 2. Thus, the other mode is obtained by a
π/2-rotation.
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